Abstract. We introduce horizontal holonomy groups, which are groups defined using parallel transport only along curves tangent to a given subbundle D of the tangent bundle. We provide explicit means of computing these holonomy groups by deriving analogues of Ambrose-Singer's and Ozeki's theorems. We then give necessary and sufficient conditions in terms of the horizontal holonomy groups for existence of solutions of two problems on foliated manifolds: determining when a foliation can be either (a) totally geodesic or (b) endowed with a principal bundle structure. The subbundle D plays the role of an orthogonal complement to the leaves of the foliation in case (a) and of a principal connection in case (b).
Introduction
Given a foliation F of a Riemannian manifold (M, g) there are several results related to global geometry [12, 13, 24] , nearly Kähler manifolds [30] , PDEs on manifolds [3, 8, 26 ] and probability theory [17] relying on the property that the leaves of F are totally geodesic submanifolds. Hence, given a foliation F of a manifold M , it is natural to ask if M has a Riemannian metric g that makes the leaves of F totally geodesic. Such a metric always exists locally, but global existence is far from being trivial, see e.g. [36, 11] . If we in addition require that a given transverse subbundle D is orthogonal to F , an appropriate Riemannian metric may not even exist locally. We will show that the existence of such a metric can be determined using horizontal holonomy.
The idea of horizontal holonomy consists of considering parallel transport only along curves tangent to a given subbundle D ⊆ T M , often referred to as the horizontal bundle, hence the name. Such a holonomy was first introduced for contact manifolds in [18] , partially based on ideas in [34] and generalized later in [23] . In this paper, we both define horizontal holonomy in greater generality and most importantly provide tools for computing it, in the form of analogues of the theorems of Ambrose-Singer [2] and Ozeki [31] .
Our above mentioned problem of totally geodesic foliations with a given orthogonal complement can now be rewritten in terms of horizontal holonomy as follows. Consider a manifold M whose tangent bundle is a direct sum T M = D ⊕ V with V being an integrable subbundle corresponding to a foliation F , and D being a completely controllable subbundle. Let H ⊆ GL(Sym 2 V * x ) be the D-horizontal holonomy group at an arbitrary point x ∈ M , defined relative to a vertical connection on V . We prove that there exists a Riemannian metric g on M such that D is the g-orthogonal complement to V and the leaves of F are totally geodesic submanifolds if and only H admits a fixed point which is positive definite as a quadratic form on V x . This question does not only have relevance for geometry but also for the theory on sub-elliptic partial differential operators. To be more precise, let L be a second order partial differential without constant term and consider its symbol σ L : T * M → T M as the unique bundle map satisfying df (σ L (dg)) = 1 2 (L(f g) − f Lg − gLf ) , for any f, g ∈ C ∞ (M ).
Let us consider the case where α(σ L α) ≥ 0 and the image of σ L is equal to a proper subbundle D of T M ; hence L is not elliptic. The typical example of such an operator L is the sub-Laplacian operator associated with a sub-Riemannian manifold. Finding a totally geodesic foliation F which is orthogonal to D enables one to obtain results on the corresponding heat flow of L such as analogues of the Poincaré inequality, the Li-Yau inequality and the parabolic Harnack inequality, see e.g. [5, 6, 4, 21, 22] for details.
The horizontal holonomy of a vertical connection on V can also be related to the existence of a principal bundle structure on M . Assume that the leaves of F consist of the fibers of a fiber bundle π : M → B and that D is a subbundle transversal to F . We can then establish a link between a trivial horizontal holonomy and the existence of a principal bundle structure of π with D as a principal connection.
The structure of the paper is as follows. In Section 2.1 we give the definition of horizontal holonomy of a general connection ω on a principal bundle. In Section 2.2, we first limit ourselves to the case where D is equiregular and bracket-generating and we introduce the main tool for deriving our results, namely two-vector-valued one-forms related to D that we call selectors. In Section 2.3, we prove that the horizontal holonomy of ω is equal to the full holonomy of a modified connection and we show that the Ambrose-Singer and Ozeki theorem are still valid with an adapted modification of the curvature of ω. In both cases, explicit formulas for the modified connection and curvature are given using a selector of D. We rewrite our results in the setting of affine connections in Section 2.4 and consider horizontal holonomy of a general subbundle D in Section 2.5 and Section 2.6.
In Section 3, we apply horizontal holonomy to vertical connections on foliations. In Section 3.1, given a foliation F and a transversal subbundle D, we provide both necessary and sufficient conditions for the existence of a metric g such that F is totally geodesic with orthogonal complement D. In Section 3.2 we use horizontal holonomy to determine when a fiber bundle can be endowed with the structure of a principal bundle with a given connection D. We note that holonomy in these two cases is related to parallel transport of respectively symmetric tensors and vectors along curves tangent to D and is not related to concepts of holonomy as in [9, 10] . Since in both cases, the conditions require the computation of horizontal holonomy groups, we give in Subsection 3.3 explicit formulas for generating sets of the Lie algebra of such groups in terms of curvature operators. We deal with concrete examples in Section 4. In particular, we give examples of foliations F that cannot be made totally geodesic, given a fixed orthogonal complement. We also completely describe the case of one-dimensional foliations.
Notation and conventions.
If Z is a section of a vector bundle Π : V → M , we use Z| x to denote its value at x. The space of all smooth sections of V is denoted by Γ(V ). If V is a subbundle of T M , Γ(V ) is considered as a subalgebra of Γ(T M ). If X is a vector field, then L X is the Lie derivative with respect to X. We use Sym 2 V to denote the symmetric square of V . If E and F are vector spaces, then GL(E) and gl(E) denote the space of automorphisms and endomorphisms of E, respectively and we identify the space of linear maps from E to F with E * ⊗ F .
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Horizontal holonomy
2.1. Definition of horizontal holonomy group. Let M be a finite dimensional, smooth and connected manifold, π : P → M a smooth fiber bundle and V = ker π * the corresponding vertical bundle. For x ∈ M , we use P x to denote the fiber π −1 (x) over x. Let H be an arbitrary subbundle of T P . An absolutely continuous curve c : [t 0 , t 1 ] → P is said to be H-horizontal ifċ(t) ∈ H c(t) for almost every t ∈ [t 0 , t 1 ].
A subbundle H of T P is said to be an Ehresmann connection on π if T P = H⊕V. Here π : P → M is considered as a surjective submersion. For every x ∈ M , v ∈ T x M and p in the fiber P x , there is a unique element h p v ∈ H p satisfying π * h p v = v called the H-horizontal lift of v. Furthermore, if γ : [t 0 , t 1 ] → M is an absolutely continuous curve in M with γ(t 0 ) = x 0 , a horizontal lift of γ is a H-horizontal absolutely continuous curve c : [t 0 , t 1 ] → P that projects to γ. As any horizontal lift c(t) is solution of the ordinary differential equatioṅ A smooth fiber bundle π : P → M is called a principal G-bundle if it admits a continuous right action P × G → P such that the connected Lie group G with Lie algebra g preserves the fibers and acts freely and transitively on them. For every g-valued function f ∈ C ∞ (P, g), let σ(f ) be the vector field on P defined by
In particular, for any element A ∈ g, we get a corresponding vector field σ(A) by considering it as a constant function on
for every A ∈ g, p ∈ P , v ∈ T P and a ∈ G. We say that an Ehresmann connection H on the principal G-bundle π : P → M is principal if it is invariant under the group action, i.e., if H p · a = H p·a for any p ∈ P , a ∈ G. An Ehresmann connection is principal if and only if there exists a connection form ω on P such that H = ker ω.
In that case, H-horizontal curves or lifts will also be referred to as ω-horizontal.
Note that a principal Ehresmann connection is complete. In what follows, H is assumed to be a principal Ehresmann connection on π corresponding to a connection form ω. However, non-principal Ehresmann connections will appear elsewhere in the text. For more on Ehresmann connections and principal bundles, we refer to [28] .
Let ω be a connection form on a principal G-bundle π : P → M and let H = ker ω. For every p ∈ P , we use L ω (p) to denote the collection of all H-horizontal lifts c : [0, 1] → P of absolutely continuous loops γ : [0, 1] → M based in π(p) such that c(0) = p. The holonomy group of ω at p is then defined as
Since M is connected, the groups Hol ω (p) coincide up to conjugation. Let us now consider an arbitrary subbundle D of T M . We want to introduce a type of holonomy that only considers the loops in M that are D-horizontal.
The horizontal holonomy group of ω with respect to D is the group
If D is completely controllable (i.e., any two points in M can be connected by a D-horizontal curve), then the groups Hol ω,D (p) with p ∈ P , coincide up to conjugation. If ω and ω are two connections on P , the sets L ω,D (p) and L ω,D (p) may coincide for every p ∈ P even if the connections are different. Since in this case these connections also have the same horizontal holonomy group with respect to D, we introduce the following equivalence relation on connections of P . Any two D-equivalent connection forms ω and ω have the same horizontal lifts to P of D-horizontal curves and hence Hol ω,D (p) = Hol ω,D (p) for every p ∈ P .
Remark 2.3. (a) Rather than introducing the above equivalence classes, we could have considered partial connections such as in [18] : given a principal G-bundle π : P → M and a subbundle D of T M , a (principal) partial connection over D is a subbundle E, invariant under the action of G, such that π * maps E on D bijectively on every fiber. For every equivalence class [ω] D , we obtain a partial connection by E : = (π * ) −1 (D) ∩ ker ω. Conversely, following the argument of [27, Theorem 2.1], one proves that any partial connection can be extended to a full connection on π. Hence, there is a one-to-one correspondence between partial connections and D-equivalence classes. For us, the language of Dequivalence classes will be more convenient. • We say that D is equiregular of step r if there exist a flag of subbundles of T M
such that D r is an integrable subbundle and such that D k is the span of vectors fields with values in D and their iterated brackets of order less than k − 1 for any 2 ≤ k ≤ r.
• We say that D is bracket-generating if T M is spanned by vector fields with values in D and their iterated brackets.
• We say that D is completely controllable if any two points in M can be connected by a D-horizontal curve.
From the above definitions, an equiregular subbundle D is bracket-generating if and only if D r = T M . Furthermore, D is completely controllable if it is bracketgenerating [16, 32] . We give some examples to illustrate the above definitions. We consider here the case when D is equiregular (of step r ∈ N) and bracketgenerating. The remaining cases are addressed in Sections 2.5 and 2.6.
For 0 ≤ k ≤ r, we use Ann(D k ) ⊆ T * M to denote the subbundle of T * M consisting of the covectors that vanish on D k . In particular, Ann(D r ) reduces to the zero section of T * M . The following definition introduces the main technical tool in order to formulate our results on horizontal holonomy groups. Definition 2.6. Let D be a bracket-generating, equiregular subbundle of step r with the corresponding flag given as in (2.2). We say that a two-vector-valued one-form
is a selector of D if it satisfies the following two assumptions. 
Taking k = 0 in Item (I) yields that any selector must satisfy χ(D) = 0. If χ is a selector, we use ι χ to denotes its transpose or contraction operator, i.e., for every vector v and two-covector η one has (ι χ η)(v) : = η(χ(v)).
The next lemma provides basic properties associated with selectors.
Lemma 2.7. (a) A bracket-generating equiregular subbundle D admits at least one selector.
(c) Let β and η be a one-form and a two-form on M , respectively. Let χ be a selector of D. Then there exists a unique one-form α satisfying the system of equations
and α is given by
Then, for every one form β, d χ β only depends on β| D and d χ β = 0 if and only if there exists a one-formβ such that
We provide an example of selectors before giving the argument of the above lemma.
Example 2.8. For n ≥ 1, consider R 2n+1 with coordinates (x 1 , . . . , x n , y 1 , . . . , y n , z).
∂z and let D be the span of these vector fields. The subbundle D is then bracket-generating and equiregular of step 2. Furthermore, for every 1 ≤ k ≤ n, the two-vector-valued one-forms χ k defined, for every 1 ≤ j ≤ n, by
Remark 2.9. The reason for our choice of the term "selector" is the following. Let Z be a vector field with values in D k+1 for some k = 0, . . . , r − 1. By definition, we can write Z using vector fields with values in D k and first order Lie brackets of vector fields with values in the same subbundle. However, such a decomposition is not unique. The idea is that a selector gives us a way of selecting one of these representations. That is, if χ(Z) = l i=1 X i ∧Y i , Items (I) and (II) in Definition 2.6 ensure that we can write
where the vector fields X i , Y i and
In other words
For 1 ≤ k ≤ r, let pr E k denote the g-orthogonal projection onto E k and set pr E r+1 to be equal to the zero-map. We next define a vector-valued two-form Φ :
2 T M → T M as follows. Let X and Y be two vector fields with values in E i and E j respectively with i ≤ j and let x ∈ M . We write v = X| x and w = Y | x . We set
Since pr E j+1 [X, Y ]| x does not depend on the choices of sections X and Y of respectively E 1 and E j , the vector Φ(v, w) is well defined. The image of Φ is
with the latter denoting the g-orthogonal complement of the kernel of Φ in 2 T M . From this definition, Item (I) follows readily. Furthermore, let X and Y be two arbitrary vector fields with values in E 1 and E j respectively, with j < r. If Z = Φ(X, Y ) and α is a one-form vanishing on 
Clearly, the space of all such ξ is closed under addition and multiplication by scalars or functions. (c) We start by showing uniqueness of a solution of (2.3). Thanks to the linearity of the equations of (2.3), it amounts to prove that α = 0 is the unique solution to (2.3) when β = 0 and η = 0 . Such an α must take values in Ann(D), meaning that, for every w ∈ D 2 , we have dα(χ(w)) = 0 = −α(w), and so α must vanish on D 2 as well. By iterating this reasoning, it follows that α = 0. As regards the existence of a solution of (2.3), the linearity of the equations of (2.3) implies that it is enough to consider two cases, namely (i) β = 0 and (ii) η = 0. We start with Case (i). Since ι χ η vanishes on D, it follows that (id +ι χ d)ι χ η vanishes on D 2 by Definition 2.6 (II). Iterating this argument, we obtain
r−1 j+1 (ι χ d) j ι χ η and so we can take
We next turn to Case (ii), i.e., we assume that η = 0 in (2.3). Define
We complete the induction step by observing that
is a one-form with values in Ann(D) and one has that
Consider a closed one formβ and a one-form
We next extend the conclusion of Lemma 2.7 (c) to the context of forms taking values in a vector bundle. For that purpose, consider a vector bundle E → M with an affine connection ∇. The exterior covariant derivative d ∇ is defined as follows:
Then, the conclusion of Lemma 2.7 (c) still holds true for forms taking now values in any vector space if one replaces the exterior derivative d with the exterior covariant derivative d ∇ . Indeed, if α is an E-valued one-form vanishing on D k , then for any w ∈ D k+1 and selector χ, we have
Hence, we can use the same argument as in the proof of Lemma 2.7 (c) to obtain a formula for the unique solution α to the equation α| D = β| D and ι χ d ∇ α = ι χ η for given β and η. In fact, we can get the following more general result by using the same approach. 
Computation of horizontal holonomy groups.
A central result for the characterization of the holonomy of a connection ω in principal bundles is the Ambrose-Singer Theorem, which essentially says that the Lie algebra of Hol ω can be computed from the curvature form Ω of ω, see [2] and [27, Theorem 8.1]. Recall that in the case of infinitesimal holonomy or in the analytic framework, the Ambrose-Singer Theorem admits a sharpened form established by Ozeki [31] . In this section, we provide versions of Ambrose-Singer and Ozeki Theorems describing the horizontal holonomy group of equiregular subbundles, and which rely on an adapted curvature form that we introduce below.
For that purpose, we consider the following notations. Let π : P → M be a principal G-bundle where g denotes the Lie algebra of G. We define a bracket of g-valued forms on P as next: if α and β are real valued forms and A, B ∈ g, then
A function f (a form η respectively) on P with values in g is called G-equivariant
Consider the vector bundle Ad P → M defined as the quotient (P × g)/G with respect to the right action of G given by (p, A)
In that way, one can associate with a connection form ω on P an affine connection ∇ ω on Ad P by letting ∇ ω X s be the section of Ad P corresponding to the G-equivariant function ds ∧ (hX). Here, X is a vector field on M and hX denotes its ω-horizontal lift defined by hX| p = h p X| π(p) .
We have a similar identification between Ad P -valued forms and G-equivariant horizontal forms. Write H = ker ω and V = ker π * . We say that a form on P is horizontal if it vanishes on V.
Moreover, if α and β are Ad(P )-valued forms, we will use [α, β] for the Ad(P )-valued form corresponding to [α ∧ , β ∧ ]. A special Ad P -valued form is the curvature form Ω of the connection ω, corresponding to the equivariant horizontal two-form
The next proposition describes the horizontal holonomy group of a connection ω with respect to a subbundle D as the holonomy of an adapted connection. 
(b) For any connection form ω and selector χ of D, there exists a unique connection ω ∈ [ω] D with curvature satisfying (2.6). As a consequence, for any connection form ω, there exists a connection form ω such that
In particular, Hol ω,D (p) is a Lie group.
The proof relies on Corollary 2.10 and on the following lemma. We first give some extra notation. For every subset A of the Lie algebra (Γ(T P ), [ , ]), we use Lie A and Lie p A , p ∈ P , to denote respectively the Lie algebra generated by A and the subspace of T p P made of the evaluations at p of the elements of Lie A . Lemma 2.12. Let H and H be two subbundles of T P . For p ∈ P , define the orbit O p of H at p as the sets of points in P that can be reached from p by H-horizontal curves. Define in the same way the orbit O p of H at p. If
Note that for every points p 0 and p 1 of P , the orbits O p0 and O p1 are either disjoint or coincide. 
As a consequence,
is an open covering of [0, 1]. Since for j = 0, . . . , k − 1, U j and U j+1 are not disjoint, it must follow that the orbits O c(tj ) all coincide with O c(t0
We now turn to the proof of Proposition 2.11.
For every p ∈ P , let O p and O k p denote the orbits of H and E k at p respectively. From the definition of holonomy, it follows that
The same identity holds for Hol
We next show that these equalities hold true if equality (2.6) holds. We first prove that Lie Γ(
Let then 1 ≤ k ≤ r − 1 and notice that one has the obvious inclusion 
where Z 2 is some vector field with values in D k . Using (2.5) and (2.6), we deduce that
We finally get that Lie Γ(E 1 ) = Lie Γ(E r ) = Lie Γ(H) and conclude the argument by using Lemma 2.12.
(b) Let ω be a connection form ω = ω + α ∧ with α ∧ being an equivariant horizontal one-form. Write the ω-horizontal lift as h and let Ω be the curvature form of ω. By definition, one has
Furthermore, for any vector fields X and Y on M , we have
Consider the operator
. From the above computations, it follows that one has the following equivalence: ω ∈ [ω] D and ι χ Ω = 0 if and only if the Ad P -valued one-form α corresponding to α ∧ satisfies the system of equations
This solution exists and is unique according to Corollary 2.10.
Using Proposition 2.11 and its argument, we can now provide the above mentioned versions of Ambrose-Singer's and Ozeki's theorems for equiregular subbundles. Theorem 2.13. (Ambrose-Singer's theorem for horizontal holonomy group) Let π : P → M be a principal G-bundle with connection form ω, D a bracket-generating, equiregular subbundle of P of step r and χ a selector of D. Define the operator
Let Ω be the curvature form of ω and define (2.10)
Finally, let O p0 be the set of points p ∈ P that can be reached from p 0 with ω-horizontal lifts of D-horizontal curves. Then the Lie algebra of
Proof. Let ω ∈ [ω] D be the unique element with curvature Ω satisfying ι χ Ω = 0. We will show that Ω χ = Ω. From the proof of Theorem 2.11(b), one has that Ω = Ω + L ω α, where α is the unique solution to (2.8). According to Corollary 2.10, one gets that α = ι χ r−2 j=0
We conclude the proof of Theorem 2.13 by using Proposition 2.11 and the usual Ambrose-Singer Theorem.
Theorem 2.14. (Ozeki's theorem for horizontal holonomy group) We use the notations of Theorem 2.13 and the following ones: let h be the ω-horizontal lift, p 0 be an arbitrary point and denote the Lie algebras of G and Hol ω,D (p 0 ) by respectively g and h. For any p ∈ P , define the subspace a(p) of g by
(c) If both ω and χ are analytic, then h = a(p 0 ).
Proof. By Theorem 2.11, let ω ∈ [ω] D be the unique element such that its curvature Ω satisfies Ω(χ( )) = 0. We then know that Hol ω,D (p) = Hol ω (p). Let h denote the ω-horizontal lift. We know that Ω( hY 1 , hY 2 ) = Ω χ (hY 1 , hY 2 ). Furthermore, since L ω defined in (2.9) preserves analyticity, the construction of ω in the proof of Theorem 2.11 (b) gives us that this connection is analytic whenever ω and χ are analytic.
Consider the subspaces
The usual Ozeki theorem along with the above observations means that our desired result holds true with b(p) in the place of a(p). We will show that a(p) = b(p) to complete the proof.
since Ω(χ(·)) = 0. It follows that we can write hZ as a sum of k-th order operators constructed with horizontal lifts of elements in D, thus yielding 
. We say that two connections ∇ and ∇ are D- 
The correspondence to our theory of principal bundles goes as follows. Let ν be the rank of V and consider R ν endowed with its canonical basis denoted by e 1 , . . . , e ν . The frame bundle π : F GL (V ) → M of V is the principal GL(ν)-bundle such that for every x ∈ M , the fiber F GL (V ) x over x consists of all linear isomorphisms ϕ : R ν → V x and the group GL(ν) acts on the right by composition. From the affine connection ∇, we construct a corresponding principal connection ω on F GL (V ) as follows. Define H ⊆ T F GL (V ) as the collection of all tangent vectors of smooth curves ϕ in F GL (V ) such that, for every 1 ≤ j ≤ ν, ϕ( )e j is a ∇-parallel vector field along π • ϕ. It is standard to check that H ⊕ ker π * = T F GL (V ) with H being invariant under the group action. Hence, there exists a unique connection form ω satisfying ker ω = H.
In this case, we can identity Ad F GL (V ) with the vector bundle gl(V ) of endomorphisms of V through the mapping (ϕ,
is seen as a gl(V )-valued two-form. We summarize our results so far in this setting. Let D be a bracket-generating, equiregular subbundle of T M of step r and Π : V → M a vector bundle over M . If ∇ is an affine connection on V , we will denote the induced connection on gl(V ) by the same symbol. Corresponding to ∇, define an operator
Then Proposition 2.11 and Theorems 2.13 and 2.14 read as follows in the case of affine connection. 
This implies in particular that Hol ∇,D (x) is a Lie group. (c) For any x ∈ M , if h is the Lie algebra of Hol ∇,D (x), then
(d) For x ∈ M , let h denote the Lie algebra of Hol ∇,D (x). Let χ be an arbitrary selector and define
For any y ∈ M , define a(y) ⊆ gl(V y ) given by
where the symbol ∇ appearing in (2.11) denotes the connection induced on gl(V ) by ∇. Then a(x) is a subalgebra of h. Furthermore, if γ : [0, 1] → M is any D-horizontal curve with γ(0) = x and γ(1) = y, then P γ (1) −1 a(y)P γ (1) is contained in h, and h is spanned by these subalgebras. Finally, if the rank of a(y) is independent of y or if both ∇ and χ are analytic, then a(x) = h. Remark 2.17. Theorem 2.16 greatly extends the results of [23] regarding the horizontal holonomy group of an affine connection in case the subbundle D is equiregular and bracket-generating. Note though that it is proved in [23] that the last conclusion of Item (b), namely that Hol ω,D (x) has the structure of a Lie group, still holds true under the sole assumption for D to be completely controllable. This last result has been obtained by recasting horizontal holonomy issues within the framework of development of one manifold onto another one (cf. [15] ).
Equiregular subbundles.
The case where the subbundle D is equiregular of step r but not necessarily bracket-generating can be reduced to the bracketgenerating situation described previously by restricting to the leaves of the foliation of D r . According to Frobenius theorem, there exists a corresponding foliation F of M tangent to D r . Let F be a leaf of the foliation 
For every point x ∈ M , define the growth vector of D at x ∈ M as the sequence n(x) = (n k (x)) k≥1 where n k (x) = rank D k | x . We say that x ∈ M is a regular point of D if there exists a neighbourhood U of x where the growth vector is constant. We call a point singular if it is not regular. Recall that the set of singular points of D is closed with empty interior, cf. [25, Sect. 2.1.2, p. 21].
Let π : P → M be a principal G-bundle with a connection ω. Let x be a regular point of D, p ∈ P x and U a neighbourhood of x where the growth vector of D is constant. We use ω| U to denote the restriction of ω to P | U → U . Then one clearly has the following inclusions
Since D| U is equiregular, it can be computed with the methods mentioned above. [18] can be considered as special cases of our results and we have reformulated them below in terms of D-equivalence rather than the language of partial connections used in [18] . Corollary 2.19. Let D be a contact structure on M . Let P → M be a principal G-bundle with a connection form ω. Let χ ξ ∈ Γ( 2 D) be a two-vector field that is transverse to ker R. Then there exists a unique connection ω ∈ [ω] D whose curvature Ω satisfies Ω(χ ξ ) = 0. Furthermore, if p 0 ∈ P , then the Lie algebra of
3. Two problems on foliated manifolds 3.1. Totally geodesic foliations. Let M be an n-dimensional connected manifold and V ⊆ T M an integrable subbundle of rank ν ≤ n. By Frobenius Theorem, this subbundle defines us a foliation F of M with leaves of dimension ν. Let D be a subbundle of T M such that T M = D ⊕ V . The issue we address below regards the existence of a Riemannian metric g on M such that D is the g-orthogonal complement to V and F is totally geodesic, i.e., the leaves of F are totally geodesic submanifolds of M . Let g be a Riemannian metric on M with corresponding Levi-Civita connection ∇ g . A submanifold F on M is called totally geodesic if the geodesics of (F, g | T F ) are also geodesics in (M, g). Consider an integrable subbundle V of T M and denote by D its g-orthogonal complement. Let pr V and pr D be the g-orthogonal projections onto V and D, respectively. The foliation F of V is totally geodesic if and only if
The vector-valued tensor II is symmetric and is called the second fundamental form of the leaves of F . Furthermore, for any vector field X ∈ Γ(D) and
. Hence, the foliation F is totally geodesic if and only if L X pr * V g = 0 for every vector field X with values in D.
Choose any affine connection ∇ on V such that for any X ∈ Γ(D) and Z ∈ Γ(V ), we have 
Hence, if F is totally geodesic then Hol ∇,D (x) admits a positive definite fixed point for any x ∈ M . As a consequence, if there exists a metric g V satisfying (3.2), then there exists a positive definite element in Sym 
2). We note that if
, where the R ∇ χ on the right hand side is defined relative to ∇ seen as a connection on V .
We summarize the findings of this section in the following theorem. Assume that there exists a Riemannian metric g such that
D is the g-orthogonal of V and the foliation of V is totally geodesic.
Then, for every x ∈ M , the group Hol
, has a positive definite fixed point.
Furthermore, assume that D is completely controllable. Then M has a Riemannian metric g satisfying (3.3) if and only if there exists a point x ∈ M such that Hol ∇,D (x) ⊆ GL(Sym 2 V * x ) has a positive definite fixed point. We illustrate the difference between the case when D is integrable and the one when D is completely controllable by studying a specific framework. Let V be an integrable subbundle of T M of rank ν. Assume that M is equipped with a Riemannian metric g and let D be the orthogonal complement of V . Following [33] , we say that F is a Riemannian foliation if
Riemannian foliations locally look like a Riemannian submersion. Recall that a surjective submersion between two Riemannian manifolds f :
If F is a Riemannian foliation of (M, g), any point x ∈ M has a neighbourhood U such that B = U/F | U is a well-defined manifold that can be given a metric g B , making the quotient map f : U → B into a Riemannian submersion.
Let M = B × F be the product of two connected manifolds, F be the foliation with leaves {(b, F ) : b ∈ B}, V be the corresponding integrable subbundle, and 
Hence, the foliation F can only be made Riemannian with transversal subbundle D if Hol b ∈ B} is a Riemannian totally geodesic foliation and g is a complete metric, then by [24] we know that the leaves of the foliation are isometric to some manifold F . Furthermore, if G is the isometry group of F , then there exist a principal G-bundle P → M (with action written on the left) such that
The quotient is here with respect to the diagonal action. If there exists a group G acting on the fibers of f : M → B such that both f and D are principal, we can obtain the desired vector fields above by defining Z i | x = σ(A i ) for some basis A 1 , . . . , A ν of the Lie algebra of G. The map σ is here defined as in (2.1). Conversely, let Z 1 , . . . , Z ν be vector fields satisfying Item (i), (ii) and (iii). If these vector fields are also complete and if G is the simply connected Lie group of g, we get a group action G × M → M . By the definition of g, this group action preserves the fibers of f and is locally free, i.e. the stabilizers G x = {a ∈ G : a · x = x} are discrete groups for any x ∈ M . Because of this, for any x ∈ M with f (x) = b, the map G → M b , a → a · x, is a surjective local diffeomorphism. This map must be a diffeomorphism if M b is simply connected, that is, if F is simply connected. Hence, if F is simply connected, the group G acts freely and transitively on every fiber and f is a principal bundle with principal connection D. Define S 0 (D) be the space of infinitesimal vertical symmetries i.e. the space of all Z ∈ Γ(T M ) such that f * Z = 0 and such that [Z, X] has values in D for all X ∈ Γ(D). This is a sub-algebra of Γ(T M ) by the Jacobi identity. If g is as in Item (iii), it will be an ν-dimensional subalgebra of S 0 (D). Note that if ∇ is any connection on V satisfying (3.1), then ∇ v Z = 0 for any Z ∈ S 0 (D) and v ∈ D. In particular, this must hold for the vector fields Z 1 , . . . , Z ν . If D is completely controllable, S 0 (D) must be of dimension ≤ ν since every element Z is uniquely determined by its value at one point through parallel transport. Hence, it follows that the requirement of Item (iii) is superfluous, since if there exists vector fields Z 1 , . . . , Z ν satisfying Item (i) and (ii), then g = span{Z 1 , . . . ,
We conclude the following from the above discussion.
→ B be a fiber bundle with connected fiber F , V := ker f * the vertical bundle and D an Ehresmann connection on f . Let ∇ be any connection on V satisfying (3.1).
If there exists a group action of some Lie group G on M such that f becomes a principal bundle and D becomes a principal Ehresmann connection, then, for every x ∈ M , one has Hol ∇,D (x) = {Id} ⊆ GL(V x ), where Id denotes the identity mapping.
Furthermore, assume that D is completely controllable and that F is compact and simply connected. Then f can be given the structure of a principal bundle with principal connection D if and only if there exists a point x ∈ M such that
For a related result in a special case, cf. [14] . Assume that D is bracket generating and equiregular with a selector χ. Then R ∇ χ ≡ 0 is a necessary condition for D to be a principal connection. If F is compact and simply connected and M is simply connected as well, then the condition R ∇ χ ≡ 0 condition is also sufficient. We emphasize that the only reason for the assumption that F is compact, is to ensure that the vector fields Z 1 , . . . , Z ν mentioned above are complete. 
In order for Z to be an infinitesimal sub-Riemannian isometry, we must also have pr V [X, Z] = 0 for any X ∈ Γ(D). In other words, if ∇ is a connection on V satisfying (3.1), then Z must be parallel along D-horizontal curves. If Hol ∇,D (x) = {Id} ⊆ GL(V x ), then V has a basis of infinitesimal isometries.
3.3.
Computation of the curvature. The above problems involve the use of connections corresponding to an affine connection ∇ satisfying (3.1). In order to apply the results of Section 2.4, one must choose a selector and appropriate affine connections ∇. We next give two options for the choice of ∇ and compute their curvatures. We end with a remark on how to compute R ∇ χ from R ∇ .
3.3.1. Connection appearing from the choice of an auxiliary metric. Choose an auxiliary metric g on M with D and V orthogonal and define
To compute the curvature of this connection, we consider the curvature of D with respect to the complement V , i.e, the vector-valued two-form R on M defined by
It is a well-defined two-form since it is skew-symmetric and C ∞ (M )-linear in both arguments. We extend the connection ∇ to a connection∇ on M by setting
Proposition 3.5. Endow M with some Riemannian metric g and consider the connection ∇ on V given by (3.6). Let II be the second fundamental form with respect to g. For any X, Y ∈ Γ(T M ) and Z ∈ Γ(V ), the curvature of ∇ is given by
where R F is the curvature of the leaves F of the foliation F with respect to g| F and S (X, Y ) is the unique endomorphism satisfying the following: for every 
with denoting the cyclic sum and T∇ denoting the torsion tensor of∇. From the definition of∇, it is simple to verify that T∇ = −R. Since R vanishes on V , we obtain
For the last part, we consider the case when X takes values in D and Y in V respectively. Observe again from the first Bianchi identity, that one has
Hence, we only need to compute R∇(X, Y )Y to derive the result. From the definition of∇, observe that for any vector field Z with values in V , we have
It follows that for any vector field Z 1 , Z 2 taking values in V , we have
This leads to the conclusion that
As a result, we have
3.3.2. Connection appearing from a global basis. Assume that V admits a global basis of vector fields Z 1 , . . . Z ν . Let τ 1 , . . . , τ ν be the corresponding dual one-forms, i.e., they vanish on D and satisfy τ i (Z j ) = δ ij for every 1 ≤ i, j ≤ ν. Define the connection ∇ by
for any j = 1, . . . , ν. It is then well-defined for any Z ∈ Γ(V ) through the Leibniz property, i.e., (3.8)
Proposition 3.6. Define a gl(V )-valued one-form α by
The curvature R ∇ of the connection ∇ defined in (3.8) is given by
Proof. Similarly to the proof of Theorem 2.11 (b), we can show that for any pair of connections ∇ and ∇ such that ∇ = ∇ + α, α ∈ Γ(T * M ⊗ gl(V )), one has
Choose ∇ as the connection on V determined by ∇Z i = 0 and α as in (3.9) to get the result. 
Let∇ be any connection extending ∇, with torsion T∇. We then have
where
Examples

4.1.
One-dimensional foliations. Let M be a connected, simply connected manifold with a foliation F corresponding to an integrable one-dimensional subbundle V . Let D be any subbundle that is transverse to V . We assume that V is orientable, i.e., V = span{Z} for some vector field Z. It follows that Ann(D), the subbundle of T * M consisting of covectors vanishing on D, is oriented as well, and we write Ann(D) = span{τ }.
Proposition 4.1. Let τ be a non-vanishing one-form on a connected, simply connected manifold M . Define D = ker τ and assume that dτ | 2 D is non-vanishing at any point. Let Z ∈ Γ(T M ) and χ ∈ Γ( 2 D) be respectively a vector field and a two-vector field such that
Consider the operator d τ ⊗χ = d(id +ι χ⊗τ d) on one-forms. Then there exists a Riemannian metric g on M such that the foliation tangent to Z is totally geodesic and D is orthogonal to V = span {Z} if and only if
Recall from Lemma 2.7 (d) that (4.1) is indeed independent of choice of χ.
Proof. Let pr D and pr V be the respective projections to D and V relative to the direct sum T M = D ⊕ V . Since pr * D dτ never vanishes, D must be bracketgenerating and equiregular of step 2. Furthermore, if χ is any two-vector field such that dτ (χ) = −1, then τ ⊗ χ is a selector of D. Define a metric ∇ on
We use Proposition 3.6 to obtain that
Since V is one-dimensional, R ∇ χ = 0 is a necessary condition for the existence of a metric g such that D and V are orthogonal and the foliation of V is totally geodesic. Since M is simply connected and D is bracket-generating, it is also a sufficient condition.
Example 4.2. Consider R 3 with coordinates (x, y, z). Consider the following global basis of the tangent bundle,
where φ 1 and φ 2 are two smooth arbitrary functions on R 3 . Define D to be the span of X and Y and let V = V (φ 1 , φ 2 ) be the span of Z. For which functions φ 1 and φ 2 does there exist a Riemannian metric g such that the foliation F of V is totally geodesic and D is the g-orthogonal complement of V ?
We define τ such that τ (X) = 0, τ (Y ) = 0 and τ (Z) = τ (
The unique element χ in 2 D satisfying dτ (χ) = −1 is χ = X ∧Y. Its Lie derivative with respect to Z is given by In the special case of a Riemannian foliation, we can write the above as follows. Let M be a simply connected Riemannian manifold with metric g. Let V = span Z be an integrable subbundle of T M with corresponding foliation F assumed to be Riemannian. By normalizing Z, we may suppose that Z g = 1. Let N be the mean curvature vector field of F , defined as N = II(Z, Z) with II being the second fundamental form. Let R be the curvature of D with respect to V , i.e., the vectorvalued two-form defined by R(X, Y ) = pr V [pr D X, pr D Y ]. Assume that this never vanishes. For an arbitrary function f define the gradient ∇f and horizontal gradient ∇ D by respectively
Then we have the following identity.
Corollary 4.3. We can find a Riemannian metric g such that D and V are orthogonal and F is totally geodesic if and only if there exists
Proof. Since R is non-vanishing, D is bracket-generating and equiregular step 2. Let ♭ : T M → T * M be the bijection v → g(v, ·). We write its inverse as ♯ : T * M → T M and use the same symbol for the identifications of
Observe furthermore that, for any X, Y ∈ Γ(D), we have
Note that
Furthermore, since F is a Riemannian foliation, one gets
Using that pr * D dτ = R , we apply Proposition 4.1 to deduce that there exists a metric making D and V orthogonal and F totally geodesic if and only if
Since M is simply connected, there exists a smooth function f on M such that ♭N + pr * D d log R = df . Apply ♯ to get the desired conclusion. Remark 4.4. We could have reached the conclusion of Proposition 4.1 without using horizontal holonomy as well. The argument goes as follows. Given any Riemannian metric such that D and V are orthogonal, if V is spanned by a unit-length vector field Z and τ denotes the unique one-form verifying τ (D) = 0 and τ ( Z) = 1, then g(X, II( Z, Z)) = (L Z τ )(X). Hence, finding such a basis vector fieldZ such that LZτ = 0 is equivalent to showing the existence of a metric making F totally geodesic and orthogonal to D. We prove that the existence ofZ and (4.1).
Assume there exists such a vector field Z. For every smooth function f , set Z = Z f = e f Z and τ = e −f τ . One deduces that
Since this form coincides with df on D, we have by Lemma 2.7 (d) that 4.2. Lie groups. Let G be a connected Lie group with a connected subgroup K. Let g and k be their respective Lie algebras. Let p be any subspace such that g = p ⊕ k and define D and V by left translation of p and k respectively. The subbundle V is then integrable with corresponding foliation F = {a · K : a ∈ F }. We again try to determine if there exists a Riemannian metric on G such that D and V are orthogonal and F is a totally geodesic foliation. We use the same notation for an element in g and its corresponding left invariant vector field. Consider the connection ∇ on V defined by
for any A ∈ g, C ∈ k.
If A, B ∈ g and C ∈ k, the curvature of ∇ is given by Introduce the connection ω on GL(Sym 2 V * ) corresponding to ∇. We next provide a positive answer to the previous question in particular cases.
(a) If K is a normal subgroup, i.e., if k is an ideal, then R ∇ = 0, and therefore Hol ω,D ⊆ Hol ω which reduces to the identity element. It follows that any inner product on k can be extended to a Riemannian metric making D orthogonal to V and the foliation of V totally geodesic. Since Let χ be any selector of D and notice that R ∇ (χ(A))C = −[pr k A, C] for any A ∈ g. Define η 0 = R ∇ and η 1 = L ∇ ι χ η 0 . Using (3.10), we get η 1 = −R ∇ , and, as a consequence, R ∇ χ = 0. This reflects the fact that if we give V a metric by left translation of any inner product on k and extend this metric to T M in an arbitrary way such that D is orthogonal to V , then F is a totally geodesic foliation.
The general case is more complicated and is left for future research.
4.
3. An example with Carnot groups. A Carnot group of step r is a simply connected nilpotent Lie group with a Lie algebra g with a given decomposition g = g 1 ⊕ g 2 ⊕ · · · ⊕ g r satisfying [g 1 , g k ] = g k+1 for 1 ≤ k ≤ r − 1 and [g 1 , g r ] = 0.
For such a group we have the following result, where ⌊x⌋ denotes the floor function, i.e. ⌊x⌋ = max{n ∈ Z : x ≥ n}. Proof. Observe first that the following relations hold true (4.3) [p 1 ,
It follows that D is equiregular of step 2. Define a connection ∇ on V as follows. If X ∈ Γ(T M ) and C ∈ k, then set
From (4.3), we obtain that for any A ∈ g, we have
If follows that the curvature R ∇ is given for any C ∈ k by
By using the definition of a Carnot group, we can define a selector χ of D such that, if C ∈ g k ⊆ k for k even and greater than ⌊r/2⌋, one has χ(C) = Hence R ∇ χ (·, ·) g V is not equal to zero for any metric g V on V . One thus concludes by using Theorem 3.1.
As for the second statement of principal bundle structure on π, R ∇ vanishes on V if and only if [p 2 , k] = 0. If the latter holds, then all left invariant vector fields C with values in V satisfy ∇C = 0 and since these are complete, the rest follows from Theorem 3.3.
Example 4.6. On R 2 with coordinates (x, y), define the vector fields
Note that [A, B k+1 ] = B k for any k ≥ 0. Define g = g 1 ⊕ · · · ⊕ g n+1 where g 1 = span{A, B n }, g k = span{B n+1−k , }, 2 ≤ k ≤ n + 1.
Let G be the corresponding simply connected Lie group of g. Since our Lie algebra was nilpotent, we will use (global) exponential coordinates, giving a point a ∈ G coordinates (r 0 , r 1 , . . . , r n , s) if a = exp( but not principal, since [p, k] is not contained in p. We next determine a new multiplication on the fibers of π so that D becomes principal. For that purpose, we consider a connection ∇ on V , such that if A ∈ g and C ∈ k are two left invariant vector fields, then
This connection satisfies (3.1) and it is simple to verify that R ∇ = 0. Hence, the foliation of V can be made totally geodesic with orthogonal complement D. Furthermore, D can be made into a principal connection, as the vector fields Z 1 , . . . , Z n−1 defined by
are complete and satisfy ∇Z k = 0.
Example 4.7. Let F n,r be the free nilpotent Lie group on n generators of step r, i.e., the quotient of the free Lie group on n generators by the subgroup corresponding to the ideal generated by the brackets of order r. Define k, p 1 and p 2 as in Proposition 4.5. Then [p 2 , k] = 0 if and only if r < 8. Hence, for r ≥ 8, if D and V are defined by left translation of respectively p 1 ⊕ p 1 and k, then there does not exist a Riemannian metric making D and V orthogonal and the foliation of V totally geodesic.
